We propose a scaling criterion for the effective range of stress release per time (redistribution of load) in disordered solids for failure modes to be dominated by damage nucleation. We use the random fiber bundle model as a prototype of disordered solids and show that the failure mode is nucleation dominated in the large system size limit, as long as the effective range scales slower than L ζ , with ζ = 2/3. For a faster increase in the effective range, the failure properties are dominated by global load sharing critical point. The results are generally expected to be valid for systems with finite (normalizable) disorder and with a form of load-sharing function that has an effective range.
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The failure of disordered solids on application of stress is a problem relevant at different scales. It ranges from fracture in micro-scale, through laboratory scale fracture to the geological scale of earthquakes [1] [2] [3] . Consequently the problem has attracted attention of scientists, cutting across disciplines for decades. A critical question in this problem is the abruptness of the failure process. A solid can fail following gradual rupture events or catastrophically without showing such precursors [4] . The physical criterion that governs the mode of failure is an important open question. The role of disorder and the range of effective interaction (the range over which the stress field within the solid gets modified following a local rupture event) are the two major factors in determining the mode of the failure. The second factor in turn depends on the elastic nature of the sample. Using random fuse model as a simple prototype of the disordered solid, it has been recently shown [5] that the failure mode of the system is always nucleation driven and therefore, abrupt. The stress is nucleated around the largest defect and the defect grows in size until the failure point is reached. The precursory events (scale free size distribution of rupture events prior to failure etc.), previously seen in the model, were attributed to the finite size effect, implying they would disappear in the large system size limit. The only exception is the limit of extreme disorder [6] . However, experimentally such precursory features are observed (see e.g., [7] ) for which the extreme disorder is not necessarily the physical condition.
Here, we show that for a disordered solid, if the range of stress release per time is sufficiently large so that within the typical relaxation time (time takes for the stress values to come to a stable state following a rupture event) stress release is effectively within the entire system, the system can show precursory behavior that survives even in the large size limit. Using this, we propose a criterion for the range of stress release per time that distinguishes the two classes of failure modes in disorder solids. For that we take the fiber bundle model, which is a simple model used extensively in replicating the failure properties of disordered solids [8] [9] [10] [11] . The model consists of a set of discrete elements (or fibers) each having a random failure threshold (mimicking the disordered solid). On application of a stress, some of the elements may fail, which raises the effective stress on the remaining elements, some of which may now fail and so on. It is known that in one extreme limit of the model where the failure of one element affects the stability of all others equally, the failure mode is precursor driven and the damage is diffused in the system in the sense that it occurs in an uncorrelated manner. In another limit, where the failure of one element only affects the element(s) nearest to it, shows nucleation driven failure. Both of these situations, however, are away from reality. The first case implies the absence of any notion of distance in the system, hence excluding the concept of stress nucleation altogether. The second limit indicates a very low elastic modulus, which is also physically unrealistic.
We take here a linear array of L fibers and set a redistribution rule for the load of a failed fiber such that the range has a scale R. In the case where R is independent of L, an analytic (over)estimate of σ c (the average stress per fiber at the failure point) has been shown to be approaching zero as L → ∞. More interestingly, our simulation results indicate that even when R ∼ L ζ , we show that for ζ < 2/3 the failure is nucleation dominated and for ζ > 2/3 scale-free avalanche statistics, i.e. the precursory events survive even in the L → ∞ limit. ζ can be identified with the inverse of correlation length exponent. It is intriguing to see that the load sharing range need not scale linearly with system size, it just needs to win over the correlation of damages in order to have a precursor driven failure. There have been previous attempts [12] [13] [14] [15] to interpolate between the two extreme limits of the model, but they do not arrive at any general criterion for which the crossover is observed. We apply the criterion obtained here to one such mechanisms of variable range of interactions to distinguish between the two limits and the prediction following our criterion is well supported by simulation results. As mentioned above, here we have taken the random fiber bundle model as a prototype for fracture of dis- ordered solids. The system is loaded gradually until it fails completely. The disorders are modeled by random failure thresholds of the fibers, which are drawn in this case from a uniform distribution in [0 : 1] unless otherwise mentioned. Here we take a linear arrangement of size L and redistribute the load of a broken fiber equally among R surviving neighbors (see [16] for a 2d version) on either side (total among 2R fibers). Let us first consider the case when R is constant, i.e. it does not scale with the system size L. This is a generalization of the usually studied local load sharing model (R = 1) [11] . In calculating an upper bound for the critical load per fiber value (σ c ) for which the system fails, assume that the failure probability of a fiber in the system with that load is p f . Hence the probability that m successive fibers fail is p
But for that patch to be 'fatal', i.e. to show that the patch will keeping growing with time until the whole system fails, one must have for the load on the neighboring fibers of the patch (assuming no more failures within the range) σ c + mσ c /2R = 1, since 1 is the highest possible failure threshold in the system. This ensures guaranteed failure for all 2R fibers on either size of the patch. The load is then redistributed on next 2R fibers and they also have to fail and the process is continued until the entire system collapses. We haven't considered other broken patches with which this growing patch may coalesce in the process. But that is only going to accelerate the process (hence this is an over-estimate of failure threshold). Now, p f is in general expected to be a monotonically increasing function of applied load. For the present case when the failure thresholds are uniformly distributed within [0 : 1], p f = σ and the failure condition takes the form
As can be seen, the function σ
(1−σ c ) 2 is finite everywhere except for σ c = 0 and does not depend on L. Therefore, for arbitrarily small σ c , the above condition can be satisfied by increasing the system size sufficiently. Thus we conclude that the failure threshold can be arbitrarily close to zero in the large system size limit for the case when the range of interaction does not vary with system size. A more interesting case is when the range is varied to see the effect on the failure mode. Obviously, for R ∼ L, the load redistribution becomes global by definition and the mode of failure is expected to be gradual with usual avalanche statistics. The question we intend to answer is: Does the scaling of the effective range have to be as fast as linear to lead to global load sharing failure mode?
A signature of the global load sharing process is the uncorrelated failure of fibers when load is increased. This leads to creation of new broken patches in the system with the increase of load. On the other hand, onset of nucleation is essentially the growth of one patch that engulfs all other patches, leading to the failure of the system. An effective way to detect nucleation, therefore, is to monitor the number of broken patches in the system. The top panel of Fig. 1 shows the evolution of the load per fiber with time (defined here as the number of load redistribution step). As can be seen from Fig. 1 (a)-(c) , for different R values, upto the onset of nucleation (tip of the cone), the loads in the system are very similar. When nucleation sets in, one single patch grows upto the complete failure of the system. As mentioned above, this change of behavior should be reflected on the number of broken patches in the system. As can be seen from the bottom panel, the time of onset of nucleation (say, τ n ) where the number of patches (scaled by system size) starts decreasing, is also the time when the load per fiber value becomes constant (implying that to be the critical load). After many steps of load redistribution (each redistribution considered here as one time step), the system finally fails completely at time τ f .
As the range of load sharing is increased, the nucleation and failure times approach each other i.e., ∆τ = τ f − τ n decreases. While the order of these events can not be reversed, they may come very close (upto a scale of critical relaxation time in mean field limit) as R increases, essentially implying vanishing of the nucleation mechanism. In Fig. 2 (inset) the variation of the time interval ∆τ is shown with R for different system sizes. It shows a initial linear decrease, followed by a saturation regime, which can be interpreted as the vanishing of nucleation mechanism. The value of the saturation time depends on the system size. We find an overall scaling form
Satisfactory data collapse is obtained for α = 0.33 ± 0.01 and ζ = 0.66 ± 0.01 (see Fig. 2 ), which leads to the conjectured exact values as α = 1/3 and ζ = 2/3. The scaling function F (x) has the form F (x) ∼ 1/x for x < 1 and F (x) ∼ const. for x ≥ 1. Before interpretation of the consequences of such scaling form, let us try to understand the exponent values. For small values of R, the nucleation sets in from the weakest patch, where the rest of the system is almost intact. The patch then grows, breaking 2R neighbors on each step of redistribution, until the whole system breaks. The time required for complete failure should be ∆τ ∼ L/v f , where v f is the growth velocity of the fatal patch and it has to cover almost the entire lattice, hence the numerator L. Now, as ∼ 2R fibers break in each step,
This is what is seen in the early part of the scaling. Now, the part where ∆τ is independent of R, the failure mode is global load sharing type. But the relaxation time at critical point there scales as ∆τ ∼ L α , with α = 1/3 [17, 18] . Therefore, for matching of the two scaling forms at the crossover one must have L α (L ζ /R) −1 ∼ L, giving α + ζ = 1. Therefore, ζ = 2/3 as is also conjectured from data collapse.
To understand the physical picture, let us consider the probability distribution of stress values within the system. For a global load sharing model each fiber carry same stress, hence the distribution function is a delta function. On the other hand, for stress nucleation (and failure driven by it), the stress distribution function must have a finite width that survives the large system size limit. Now the competing factors the width depends on are (i) the range of stress release per time (R), which makes the width narrower as it becomes larger, and (ii) the fluctuation in the number of broken fibers, which contributes in the increase of the width. The functional dependence of the width then could be of the form ∆σ ∼ ∆N/R, where ∆N is the fluctuation in the number of intact fibers. Since we are approaching the mean field critical point, the relevant fluctuation is the one seen near it. But it is known that the fluctuation in the fraction of surviving fibers scales as ∆p c ∼ L −1/3 [14, 19] , thus the fluctuation in the number will scale as ∆N ∼ L 2/3 . Therefore ∆σ ∼ L 2/3 /R. Hence it retains a finite value in the large system size limit only when R c ∼ L 2/3 (which is 
FIG. 2: (Color online)
The data collapse for the time difference ∆τ = τ f − τ n for different system sizes for the scaling form Eq. (2). The inverse decay marks the nucleation regime, which stops at a point when R ∼ L 2/3 and global load sharing region begins. ∆τ no longer depends on R as is expected for global load sharing mode. However, it still depends on the system size (as can be seen from the inset). The initial collapsed region in the inset confirms the dependence ∆τ ∼ L/R in the nucleation regime, and the lines spreads out as soon as global mode starts dominating.
seen from the scaling relation Eq. (2)), below which the stress distribution is narrow, hence there can be no stress nucleation. This sets the scaling criterion for nucleation.
The phrase 'large system size limit' is very important in the above statement, since for a given choice of (R, L) the system may show scale free avalanche distribution, which may vanish as the system size is increased. In other words, the length has to be greater than L ∼ R 3/2 c for nucleation. As can be seen from Fig. 3 (top) , when the system size is small, for a given R, τ n and τ f are very close. In that region, the avalanche size distribution (Fig.  3 (bottom) ) and other related quantities can show critical scaling. But as the system size is increased, the critical behavior goes away. This is analogous to the 'finite size criticality' obtained in Ref. [5] . But unlike in that case, here we can tune the range of interaction and show that the critical behavior survives in the thermodynamic limit provided the range increases sufficiently fast (although sub linearly) with system size.
The above analysis is valid for other forms of load redistribution where one has an 'effective range' of interaction (say, exponential decay, linear decay etc.). An interesting question is what happens for a 'scale free' redistribution rule, e.g power-law redistribution? In this case, the load redistributed on the j-th fiber after the failure of i-th fiber is proportional to 1/|i − j| γ [14] . Now, the distribution is not truly scale free, because it has two cut-offs viz For small system sizes and bigger R value, the two times are very close together, giving the region where 'critical behavior' can be observed. For fixed R value, this 'criticality' will not survive in the large system size limit. The figure at the bottom shows the avalanche size distribution for fixed R value (100) while the system size is increased. For L = 10 3 , the ratio R/L 2/3 = 1, putting the system in the critical regime where P (S) ∼ S −2.5 . But for L = 10 4 and L = 10 5 the ratio becomes ≈ 0.215 and ≈ 0.046 respectively, putting the system in the nucleation regime. The avalanche size distribution in the last two cases deviates from the above scale free distribution, explicitly demonstrating the so called 'finite size criticality' [5] . the lower cut-off due to lattice spacing (which we take as unity) and a upper cut-off due to finite system size. A quantity 'average range of interaction' will interpolate between these two extremities as γ is tuned. Remembering the normalization A L 1 dx/x γ = const., one can always calculate the average (effective) length of interaction as
for large L. Also, R ef f → const. for γ > 2 implying universality with fixed ranged interaction, hence nucleating. But for 1 < γ < 2, R ef f ∼ L 2−γ for L → ∞. According to the scaling argument presented above, the critical value of the exponent γ c for which the failure behavior crosses over from nucleation to global load sharing mode is to be given by 2 − γ c = 2/3 or γ c = 4/3. In support of this claim, in Fig. 4 we have shown the behavior of σ c for various γ values. It is seen that for γ > γ c = 4/3, σ c ∼ 1/ log L, which is similar to what we see for nucleation regime for uniform load redistribution among R neighbors with R/L 2/3 → 0 as L → ∞ and σ c saturates to a non-zero value when γ < 4/3.
In conclusion, we have obtained a scaling criterion for the effective range of stress release per time for which the breaking mode of a disordered system crosses over from nucleation dominated regime to percolation like (uncorrelated) failure with mean-field critical behavior. We have used random fiber bundle model as a simple prototype but the results are expected to be valid for more realistic systems.
